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Abstract

Buhmann, D. and Dreybrodt, W., 1985. The kinetics of calcite dissolution and precipitation in geologically
relevant situations of karst areas, 1. Open system. Chem. Geol., 48: 189—211.

A general theory of dissolution and precipitation rates at CaCO, surfaces from calcareous solutions in
contact with an atmosphere containing CO, is presented. The three rate-determining processes, kinetics at
the CaCO, surface, diffusion into the bulk and conversion of CO, into HCO, are treated simultaneously.
In all cases the dissolution or precipitation rates are given by R = a([Ca?*]¢q — [Ca?*]), where « is a func-
tion of CO, pressure, thickness of the water film covering the CaCO, surface, and temperature. « depends
also on the hydrodynamic conditions of flow. Under turbulent flow the rates increase by one order of mag-
nitude, since in comparison to laminar flow diffusion is significantly enhanced by eddies.

We have carried out experiments to measure the time dependence of [Ca®*] in stagnant and turbulent-
ly-stirred water films covering CaCO, surfaces for various temperatures, CO, pressures and film thicknesses.
From the exponential behaviour of [Ca**](t) the value of a can be determined. Good agreement with the
theoretical predictions is obtained. Furthermore, precipitation rates from supersaturated solutions were
measured and found to be in good agreement with the theory.

Our results are summarized in a table and figures, which provide the geologist data from which in all
situations, being geologically relevant in karst areas as far as open system is concerned, dissolution and

precipitation rates can be derived easily.

1. Introduction

Dissolution processes of CaCO; in H,0—
CO, systems play a most important role in the
evolution of karst landscapes in limestone
areas. To give reliable answers to problems of
karst denudation, cave genesis, the develop-
ment of different types of karren and other

* Author to whom all correspondence should be sent.

morphologic features in karst landscapes, a
detailed knowledge of dissolution kinetics is
necessary. We have therefore developed a
comprehensive theoretical formulation of cal-
cite dissolution and precipitation rates for a
simplified geometric situation, which can be
applied to many geological situations. To test
its reliability we have carried out experiments
which verify the theoretical predictions.

The kinetics of calcite dissolution and

0009-2541/85/$03.30 © 1985 Elsevier Science Publishers B.V.
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precipitation are determined by three indepen-
dent processes, which all can be rate deter-
mining:

(1) The kinetics of dissolution at the phase
boundary between the solvent aqueous sys-
tem CaCO;—H,0—CO, and the limestone
rock.

(2) The kinetics of the conversion of CO,
to carbonic acid H,CO; (Kern, 1960), which
constitutes the aggressive agent in the process
of CaCQ, dissolution.

(3) Mass transport of the dissolved species,
i.e. Ca?', HCO3;, CO%, CO, and H,CO;, by
diffusion from and to the phase boundaries.
A rigorous theory has to take into account
simultaneously these processes.

There have been many different theories in
the past trying to solve this problem. In a first
theory Weyl (1958) approached the problem
by assuming that the dissolution processes at
the CaCQO; surface are so fast that the solu-
tion is in chemical equilibrium with the solid
at the boundary layer. The rate processes are
then entirely determined by mass transport
from the boundary layer into the solution.
Further progress was achieved by Curl (1968),
who took into account the fact that conver-
sion of physically dissolved CO, into the
chemical aggressive agent H,CO; is a slow pro-
cess.

These theories, however, all failed to take
into account the mechanisms at the surface of
the CaCO; rock. No significant progress was
therefore achieved up to 1978, when Plum-
mer et al. (1978) published a comprehensive
investigation of dissolution rates of CaCO; in
stirred H,0—CO, systems. In these experi-
ments the rate processes were investigated
under turbulent flow conditions. Further-
more, the ratio of the volume of the solution
to the surface of the dissolving crystals was so
large that CO,—H,CO; conversion was not
rate limiting. Thus the data of Plummer et al.
give exact information on the chemical kinet-
ics of surface-controlled dissolution of CaCO;.
Plummer et al. summarize their results in a
rate equation (the so-called Plummer—Wig-
ley—Parkhurst equation or PWP equation),

which gives the dissolution rate as a function
of the activities of the species Ca?*, H*, HCO;
and H,CO, at the CaCO, surface.

With this work sufficient knowledge of all
the above-mentioned three processes deter-
mining dissolution in natural systems was
then available. Moreover, the data of Plum-
mer et al. (1978) are not only applicable to
the problem of CaCOQO, dissolution but can
also be applied to the problem of calcite
precipitation (Plummer et al., 1979; Reddy et
al., 1981).

A first approach in combining the effects
of surface-controlled dissolution, CO,—H,CO,
conversion and mass transport was publish-
ed by Dreybrodt (1981a). He calculated dis-
solution rates for thin films of calcareous
solution in contact with CaCO; surfaces for
the case of systems open and closed to a CO,
atmosphere. Thus he modeled the case of
thin water films with laminar or turbulent
flow in joints of the rock (closed system) or
on rock surfaces open to the atmosphere
(open system). With these calculations,
though many simplifying assumptions had
been made, it was possible to give a com-
prehensive model for the initial phase of cave
genesis. In a second paper, Dreybrodt (1981b)
applied the PWP equation to the problem of
cave genesis after the state of initiation. The
scales of time and length in the development
of caves, derived from these calculations, are
in agreement with observations. Dreybrodt
(1981c) also applied the PWP equation to the
problem of deposition of calcite in caves.
Taking into account diffusion of CO, and the
PWP equation, he calculated growth rates of
speleothems as stalagmites and wall sinter.
The values thus calculated were of the same
order of magnitude as those observed in
nature. The shortcomings of the work of
Dreybrodt are that: (1) the theory contains
many simplifications; and (2) no experimental
data are supplied to support the theoretical
predictions. On the other hand, the agreement
between the data calculated for cave develop-
ment and growth of speleothems and those
observed in nature is encouraging.



For this reason we have carried out experi-
ments of calcite dissolution and precipitation
for simple geometric conditions for systems
open and closed to the CO, atmosphere.
Furthermore, we have developed a com-
prehensive theory of calcite dissolution and
precipitation fully taking into account mass
transport, CO,—H,CO; conversion and sur-
face reactions. In this paper we report the

results for CaCO,—H,0—CO, systems open to .

the atmosphere. The results for closed sys-
tems will be reported in a subsequent paper
(Buhmann and Dreybrodt, 1985). In the
first part of this paper the theory will be
established. The corresponding experiments
are described thereafter and it will be shown
that agreement between experiment and
theory is quite satisfactory.

2. Theory of calcite dissolution
2.1. Formulation of the problem

Many geological situations are characterized
by thin water films up to 0.1 cm thickness,
flowing on bare rocks in the laminar region.
Thicker films show turbulent flow. The sur-
face of the water films is in direct contact
with the atmosphere and there is a flow of
CO, into the solution. These open-system
conditions govern the processes of karst de-
nudation and the formation of grykes. If the
solution is supersaturated, precipitation of
calcite occurs, and formation of cave sinter
(stalagmites, flowstone, rimstone dams, etc.)
sets in.

If we approximate both laminar and turbu-
lent flow in the y-direction as plug flow with
a constant velocity v,, the mass-transport
equation for the stationary case is given (Cess
and Shaffer, 1959) by:

dc D 9%¢ 1

vy —=D— a

Yoy 922 )

where ¢ is the concentration of the Ca?* ion;
and D is the coefficient of diffusion.

This is analogous to the equation describ-
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Fig. 1. Model of CaCO, dissolution in systems open
to the atmosphere.

ing the time variation of the concentration in
a stagnant film on the calcite surface, namely:
dc 3% b
ot 922 (1b)
The solution of eq. 1a is obtained by replacing
t by y/vy in the solution of eq. 1b (Carslaw
and Jaeger, 1959). Thus, in both cases the
time variation of the concentration depends
only on the time of contact of the solution
with the calcite surface.

In the case of turbulent flow one also has
to replace the molecular diffusion coefficients
of the species involved in mass transport by
an effective diffusion coefficient (eddy diffu-
sivity, Degs), which in general is several orders
of magnitude higher (Tien, 1959; Bird et al.,
1960; Skelland, 1974).

Under these conditions our problem re-
duces to the simple geometric situation of a
water film of thickness § on a plane calcite
surface. Fig. 1 shows this situation. The
boundary between atmosphere and fluid is
situated at z = 0, the boundary between the
solid and the solution is at z = §. During the
course of dissolution there is a flux Fgo, of
CO, into the solution. At z = § the flux of
Ca?* ions is F. In the case of open systems
and for Ca®* concentrations larger than
0.5-10™" mmol ecm™ each molecule of
CaCO; dissolved consumes one molecule of
H,CO; for conversion of CO3%™ into HCOj.
Therefore, we have the condition that |F| =
|Fco, -
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The flow F is given by the PWP equation:
F:
K (H) + Kz(Hch;) t ks

— k4(Ca’) (HCO3)

where the quantities in round brackets are the
activities of the corresponding species and:

(H,CO3) = (H,CO§) + (CO,)

(2)

The rate constants«k,, k, and k; are temper-
ature dependent and have been taken from
the work of Plummer et al. (1978). The con-
stant «, is dependent on the activity of the
aggressive agent H,CO$ in the solution and is
given by a curve which fits the experimental
data of Plummer et al. for values Pgo, <
5+ 1072 atm.:

ke =exp(—B1In10) {Kyx(1 +K,7')/
(H,CO%)} 061 (3)

with

B=3.077— 0.0146T¢

where 1'¢ is the temperature in °C. (H,CO3) is
the activity of carbonic acid present in the
solution, i.e. in equilibrium with HCO; and
H*. K, and Ky are mass-balance constants as
given in eq. 7.

The PWP equation summarizes the effects
of three chemical reactions at the calcite sur-
face. These are:

(a)  CaCO, + H* = Ca?* + HCO;
(b)  CaCO, + H,CO% = Ca?* + 2HCO;
(¢)  CaCO, +H,0 = Ca? +HCO; + OH"

At pH > 6 reaction (a) is negligible. At pres-
sures Pco, < 0.01 atm. the dominant reaction
is reaction (c¢). The OH™ ion resulting from
this reaction is neutralized by protons, which
are supplied by the dissociation of carbonic
acid. Thus, the conversion of:

CO, » H,CO; ~ H* + HCO;

plays an important role in the process of dis-
solution. Two chemical reaction paths effect

this conversion. At low pH-values the reac-
tion:

(I) CO, + H,0 = H,CO%= H* + HCO;

is dominant. The first part of this reaction is
slow, the second one is so fast that for all
cases of interest H,COS and HCO; are in
equilibrium. At pH > 7 a second reaction
becomes important:

(I)  CO,+OH" = HCO;

Thus, the conversion of H,COj, is given (Kern,
1960) by the kinetic equation:

dCo,

.  k [CO,] +k_, [H"] [HCO;]

—k2[CO,] [OH"] +k_,[HCO3]  (4a)

The quantities in square brackets are concen-
trations. The numerical values of k, and k, are
taken from Kern (1960) and Welch et al.
(1969). k_, and k_, are calculated from £k,
and k, using the mass-balance equations (7):

K,
k., =k17H‘YHco,'I'<"
) (4b)
KK
ko=, Tuco, BwkKo
YoH K;

All the other chemical reactions occurring in
the solution are fast and equilibrium between
the corresponding species can be assumed
during the dissolution process. This will be
discussed in detail later (see p. 194).

In the next step, diffusion of CO, from the
atmosphere into the solution and diffusion of
Ca?*, CO%~ and HCO; from the solid into the
solution have to be taken into account. This
leads to a set of four differential equations,
which are well known in theory of diffusion
(Bird et al., 1960):

3[CO,] 32[CO,] )

- at’ + Deo, a/ = (k, + k,[OH])
X [CO,] — (k-; [H*] +k_;)[HCO3] =
k.[CO,] — k_[HCO;] (5a)


dreybrodt
Hervorheben


- AL, p TR e, + kafom))
at 0z
X [00:] + (ky [H'] + k;)[HCO;]
+ halH][C0F] — ky[HCO]  (5b)

_a[coy] +D 3%[CO%7]

at 92*
k3[HCO;] — k_3[H*][CO37] (5¢)
) C 24+ az C 2+
_alea, ptieam (54)
at az?

The constants k5 and k_, describe the fast reac-
tion HCO; = H* + CO%™ and are introduced
for completeness. Eq. 5d is independent of
the others, since no reaction of Ca?* with the
other species occurs, if one neglects ion pair-
ing. We have assumed the diffusion coeffi-
cients D of Ca**, CO}” and HCOj; to be of
equal magnitude; D = 0.7D¢o, .

If ion pairs are not to be neglected, one has
to introduce two additional equations of the
same type for CaCO% and CaHCOj with the

TABLE I
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~orresponding kinetic terms on the right-hand
side. The equation for Ca’* has to be extend-
ed by introducing the corresponding kinetic
terms on the right-hand side. The same has
to be done for egs. 5b and 5c. If one assumes,
however, that the reactions are very fast and
equilibrium of these species is maintained, the
kinetic terms are small compared to the
others and may be neglected in egs. 5b—5d.
Adding then all equations containing Ca?*
yields instead of eq. 5d:

2+ a2 2+
__9[Ca ]T+DQ [Ca’ r_
ot 92?
[Ca’*] . is then the total Ca®* concentration:
[Ca?*]; = [Ca?*] + [CaCO}] + [CaHCOZ}] (6)

Thus, the introduction of ion pairs leaves eq. 5
unaltered, but the interpretation of eq. 5d is
changed in the sense that [Ca®*] has to be re-
placed by [Ca?*] ..

'One important feature of eq. 5 is that CO,
and HCOj are not in equilibrium with each
other, as long as dissolution or precipitation

0 (5d")

Temperature dependence of the constants used for the calculations [T = T¢g + 273.16 (K)]

log k, = 0.198 — 444T"" (n
logx, = 2.84—2177T" 1)
logky, = —5.86—317T! 1)
log K,, = 22.801— 4787.3T"' — 0.0103657 — 7.1321 log T (2)
log Ky = 108.3865 — 6919.5637" + 0.01985076T — 40.45154 log T + 66936572 (3)
log K, = —107.8871 +5151.79T ! — 0.03252849T + 38.92561 log T — 563713.9T*  (3)
log K;' = 1209.120 — 34765.05T* + 0.31294T — 478.782 log T (3)
log K;' = —1228.732 + 35512.75T"! — 0.2994447 + 485.818 log T (3)
K, = 1.707 . 10°* (4)
log K, = —356.3094 + 21834.37T"* — 0.060919964T + 126.8339 log T — 1684915T"* (3)
k, = 107%[exp(34.69 — 9252T )] (5)
logk, = 14,072 — 3025T! (6)
Dco, = 107%(0.56 +0.058T¢); D =0.7 Do, (7)

References: 1 = Plummer et al. (1978); 2 = Harned and Hamer (1933); 3 = Plummer and Busen-
berg (1982); 4 = Picknett et al. (1976); 5 = Welch et al. (1969); 6 = Kern (1960); 7 = Landolt

and Bérnstein (1969).
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occurs. However, since all the other reactions
are fast we can assume that the species,
H,CO%, HCO;, CO%, H*, OH", CaCOj,
CaHCOj3 and Ca?*, are practically in equilib-
rium with each other. Therefore, the mass-
balance equations between these species are
needed to describe their mutual dependence.
They are:

(H*)(OH") = K, (H,0) (7a)
(CO,) = KyPco, (7b)
(CO,) = K(H,CO0Y) (7c¢)
(H*)(HCO;3) = K,(H,CO3) (7d)
(H*)(CO3") = K,(HCO3) (Te)
(Ca’*)(HCO;) = K5(CaHCO3) (71)
(Ca?*)(CO3") = K4(CaCoy) (78)
(H*)(HCO3) = K5(H,CO3) (7h)
(H")(HCO3) = K4(CO,)(H,0) (71)
with

(H,CO3) = (H,CO3) + (CO;)

where Ky is Henry’s constant relating the CO,
pressure Poo of the surrounding atmosphere
to the activity of CO, dissolved in the solu-
tion. Table I gives a survey of the numerical
temperature dependence for all constants
used in our calculation. The constants K, and
K, are calculated by the relations:

Ky, =K;/Kq
K, =K:;K¢/(Ks + Kg)

(8)

2.2. Calculation of the dissolution rates

To solve the differential equations (5), we
note that eq. 5d is independent of eqgs. 5a—5c¢
and can therefore be treated first. The bound-
ary conditions for the Ca®* species are:

afCa’*] _

9z/6 (9)
F) C 2+

[Ca™)_

az/0
The flux F is given by the PWP equation(2)

—-D

—D

and depends on the values of:
[Ca®*]; = [Ca’*1(5)

[HCO;1, = [HCO;](5)

and

[H']; = [H*](5)

at the surface of the solid. As long as no
equilibrium between the solid and the fluid is
achieved, these values are time dependent.

If we assume that dissolution proceeds so
slowly that during a given small time interval
At the composition of the solution remains
practically constant, we have the situation of
mass transfer with prescribed constant flux F
into the solution. In this case the solution of
eq. 5d with boundary conditions (9) is given
by Carslaw and Jaeger (1959) as:

F§ (3z2 - 52) Fs

CZ+]( —_F._t..;._ ——
€& =T * D\ 6 3D

2+ __IE 2(—1)"
+ [Ca ]5$ ) 2

n?n?
Dn*n? nnz
X exp (— 5 t) cos (—6—-)(10)

[Ca?*], is the concentration at z = §, at time
t = 0. The exponentials in expression (10) de-
cay with the time constant T = §2/Dn?. Thus,
if the decay time, 7, for the solution to reach
equilibrium is large, i.e. Tp < 7, the concen-
tration profile [Ca®*](z) can be written:

(Ca?*] (2) Ft+F5(3z2—52) Fs
a =TT —_ T
7% T e 3D

+ [Ca™’], (10a)

As we will see later (p.205) the experiments
show that during the dissolution process
equilibrium is achieved exponentially with a
time constant in the order of 7 ~ 10% s. The
decay time Tp is 10% s for § = 0.3 cm. Thus,
for geologically relevant values of § < 0.3 cm
we can treat the problem as quasi-stationary
with solution (10a) for eq. 5d.

To solve the coupled eqs. 5a—bc we use a
method proposed by Quinn and Otto (1971).



Adding eqs. 5a—b5c leads to:

3[CO,] , 2[HCO3] 3[CO%] _ 3%[CO,]
at ot at €O 522
2 - 2 2-
+p2 [aHfo’] +D° [60(2)3 ] (11)
-4 P4

In the quasi-stationary approximation, we
have:

3[H00§]+ 3[CO5"] _ Fruco, Fco§ +F

ot at ) 5 (12)
9[CO;] _

ot

where F¢o:- and Fygo; are the fluxes of the
corresponding species from the surface into
the solution. The term F/§ arises from the
fact that for each Ca?* ion one molecule of
CO, is converted into HCOj3. In open-system
conditions within our approximation 3 [CO,}/
at=0.
Furthermore, we have the condition:

Fyco; *+ Feor- = F (13)

since each dissolved Ca?* ion releases one C
atom. With these conditions we obtain:

2 2 =

3*[CO,] +D 92[HCO3]
> 92 922
a’[co | 2F

+D—— 14
92* 5 (14)

DCO

Integration yields:
9[CO,] +D 3 [HCO;]
a9z az
3[CO%-
D [CO37]
02

The integration constant C, is determined by
the boundary conditions at z = 0. These are:

2F
ek +Cy = Dco,

(15)

~Doo, 20 _ oy, = F
9z
d[HCO3] _ a[CO%] -0 (16)
a9z 9z
which yields C, = —F.
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Second integration of eq. 15 yields:

F
5 2 — Fz + C, = Do [CO,] + D[HCO;3]

+ D[CO%"] (17)

The integration constant C, is determined from
the concentrations [-] at z = §. Finally, we
obtain:

F
‘gzz - Fz + DCOZ[COZ] F +D[HCO;]6

+D[CO%™] 5 = Dco,[CO,] + D[HCO;]
+ D[CO%7] (18)
To solve eq. 5a, we have to express [HCO3]
as a function of [CO,]. This is achieved by
using the equation of electroneutrality

(neglecting ion pairs):

2[Ca**] + [H*] = [HCO3] +2[CO3] + [OH]
(19)

and inserting the mass-balance equations (7a)
and (7e). This gives a quadratic equation for
[H*] with the solution:

[H'] = —3(2[Ca**] — [HCO3])

7(2[Ca?*] — [HCO3])* +
TH YoH

2K 1/2

+ Z2THO, He0;) (20)
TYH7Yco,

From eq. 20 the concentration [CO%7] is cal-
culated as a function of [HCOj3] by inserting
eq. 20 into eq. Te.

Inserting [CO%"] into eq. 18 yields a cubic
relation for [HCO3] as a function of [Ca?*]
and [CO,]:

L[HCO3}3® + M[HCO3]? + N[HCO;] +P=0
(21)
with

THCO,

L= K2
THYco,

K
M=—=" — [?+3BL + 2L[Ca%*]
THYOH
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K
N=23( w +L&§W+BL)

TH7YOH
P=B? Kw
YHYOH
and

1 F
B= 1—) 3 - 'g 2+ Fz — DCOZ( [CO.],—I[CO,})

— D[CO%™], — DIHCO3]

If the ion pairs CaHCOj; and CaCO}$ are in-
cluded, the equation of electroneutrality has
to be changed by introducing CaHCO3. Using
then eqgs. 5d’ and 6 instead of eq. 5d for the
Ca-containing species one obtains similar
equations, which are somewhat more com-
plicated. Our calculations have shown that the
introduction of ion pairs changes the results
only by less than 3%. Therefore for clarity of
presentation, we neglect ion pairs without
loss of general validity of our theory.

The ionic activity coefficients vy in all equa-
tions were computed by using modified De-
bye—Hiickel theory (cf. Plummer and Busen-
berg, 1982). The ionic strength has been
taken as:

I=3[Ca* ]y (22)

where [Ca®*],, isthe average value of [Ca**](z)
taken from z = 0 to z = §. The real value of I
is only slightly smaller than the above given
value and does not change the calculations in
any way.

By using eqs. 7a, 7e, 18, 20 and 21 and the
solution of the differential equation (5d) for
[Ca’*], the quantities [HCO3;], [H*] and
[OH™] in the differential equation (5a), which
describes [CO,](z), can be expressed as func-
tions of [CO,](2) and z. Now eq. (ba) can be
solved by a Runge—Kutta procedure (Kamke,
1967). Fig. 2 gives a simplified flow diagram
for our calculations.

Westartwith fixed valuesoftemperature, film
thickness § and Ca’* concentration [Ca**] ;. We
assume a realistic value of [HCO;},. From this
value, [H*], and [H,CO3], in equilibrium

Input
1,008 8 [Ca™);
[4HCOS]

Choose

[HCO3k

Compute
Lt

Compute
(H* ] [C03
(Ca®'Nz), F

[HCO3k =
(HCO3k *[AhCO:';l

Runge-Kutta
procedure
(HOO5)(z),[H" Xz),
(03 fz:),[C02](z).
Q2 |

s}

Fig. 2. Flow diagram for the numerical calculations.

with [H*], and [HCO; ] are calculated. With
these data the flux F of [Ca’*] is obtained by
the PWP equation (2) and eq. 3. Now [Ca®*]-
(2) can be computed, eq. 10a.

With these data we start the Runge—Kutta
procedure at 2 = § for the equation of [CO,],
eq. 5a. The boundary condition is:

a[CO,] -0
0z/8

and for [CO,}; we choose a realistic value,
which is close to [CO;](0) = KyPgo, but
somewhat smaller. The Runge—Kutta proce-
dure yields [CO,](z) and the flux:
0 [CO,]

0z/0

from the surrounding atmosphereinto the fluid.

Fco, = Do,
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The crucial condition for the correct solu- from z = 0 to z = &, since this is the value
tion is that the flux F¢o into the fluid and which can be measured experimentally.
the flux F of Ca** from the solid are of equal [Ca®*],, is related to [Ca®*], by:
magnitude, ie. |Fco,| = |F|. To achieve this [Ca?*] 4 = [Ca"’]a _ F5/3D (23)

condition the arbitrarily chosen value of
[HCO;]; is changed by [AHCO;] by using For Ca** concentrations [Ca?*] > 0.2[Ca**]¢q
an iterative half-step procedure until |F¢o,| the curves can be reasonably well approximat-
and |F| differ by less than 1%. Once this is ed by a linear relation:

obtained, the profiles [CO,](2z), [HCO3](2),

= 2+ - 24
[H*](2), [CO¥](z) and [Ca**] (z) are printed T - *{[Ca*"leq— [Ca™]} (24)
out. The value of [CO,](0) is then compared where [Ca?*],, is the concentration at satura-
to the value [CO,] = KyPco, and [CO,]; is tion and « is aqfunction of 8, Pco, and temper-
changed until [CO;], and KyP¢o, differ by ature. For § < 0.003 cm, o increases nearly
less than 1%. linearly with 6. This is the region where con-
As a final remark to this section, we want version of CO, into H,CO} is rate determining.
to stress that this theory is also applicable in At 8 =~ 0.03 cm a threshold is reached and
the case of calcite precipitation, the only above 6 = 0.05 cm the dissolution rate de-
difference being that the signs of F and F co, creases. In this region mass-transport effects
are reversed, since the flux of Ca?* is now become significant. For [Ca?*] < 0.2[Ca**]¢q
directed towards the CaCO; surface and CO, a steep increase in the rate curves appears.
is released into the surrounding atmosphere. We will not treat this effect further, since

most of the dissolution proceeds in the region
of the smaller slopes and our experiments

2.3. Results provide data in this region.
The upper curve in Fig. 3a was calculated
Fig. 3a shows the dissolution rates as a with § =1 cm and with a large value of Do,
function of the Ca?* concentration averaged which is increased by a factor of 10* from its
OPEN SYSTEM
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Fig. 3. Theoretical solution rates at Pgg. = 5 « 107* atm. for different temperatures and film thicknesses. The
number on the solid lines gives the film thickness 6 in cm. The uppermost curves must be multiplied by a factor

of 2.5 as indicated in the figure. The arrows in (a) indicate the situations for which the concentration profiles in
Fig. 4 are calculated.
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real value. This simulates turbulent flow, and
the rates are determined entirely by surface-
controlled processes, i.e. the PWP equation
(2). We will discuss this in detail later (p. 202).
It is remarkable to see that in this case the rates
increase by about one order of magnitude.
This clearly proves for the first time the
postulate of a hydraulic jump which has been
proposed by White and Longyear (1962) as an
important feature in the genesis of caves.

Fig. 3b and c shows the dissolution rates at
Pco, = 5+ 1072 atm. for temperatures of 10°
and 5°C. Clearly a change in «(8,T,Pgo,) is
observed. The « increase with temperature.
The reason for this change is the temperature
dependence of the kinetic constants of the
CO, -~ H,CO} conversion as is shown in
Section 2.4.

Fig. 4 gives the concentration profiles with
the parameters of Fig. 3a for § = 0.002 cm
and 6§ = 0.05 cm. In the case of thin films no
concentration profiles build up, especially
[H*] is almost constant over the film. At
larger &-values diffusion profiles develop,
showing that mass transport becomes sig-
nificant. In both cases [HCO3;] shows little
variation over the fluid film.
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Fig. 4. Concentration profiles of CO, and the four
most important ions at [Ca’*]s = 8 - 107* mmol
cm™? across water films of 0.002- and 0.05-cm thick-
ness. The concentration scale for the individual spe-
cies has to be multiplied by the factor given at the
corresponding line.
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Fig. 5. Theoretical solution rates at Pgg_ = 3 - 10°*
atm. and T = 10°C for various film thicknesses. The
number on the solid curves gives the film thickness &
in em. The uppermost curve has to be multiplied by a
factor of 10 or to be read by the right-hand scale.

Fig. 5 shows the rates for various values of
5 with Pgo = 3+ 107 atm. and T = 10°C.
Here similar features as in Fig. 3 are seen.

To summarize the results we have listed the
values of a for various values of temperature,
Pco, and § in Table II, (a). At small values of
5 there is a significant variation of a with &,
showing that CO, conversion is the dominant
process. With increasing & -values this variation
becomes significantly weaker, indicating that
mass transport becomes dominant.
one can obtain diagrams for deposition of
CaCOj;. In this case the signs of Fgg, and F
are reversed with respect to the case of disso-
lution. The starting calcite solution must be
supersaturated.

Fig. 6 gives the results for § from 0.005 to
0.02 cm at T'= 10° and 20°C. The CO, partial
pressure of the surrounding atmosphere is
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Fig. 6. Theoretical deposition rates at T = 10°C and
T = 20°C. The partial pressure of CO, in the sur-
rounding atmosphere is 3 + 107* atm. The number on
the solid curves gives the film thickness § in cm.

3+ 107* atm. This describes the situation for
deposition of cave sinter, such as stalagmites,
stalagtites, flow stone and rimstone dams
(Dreybrodt, 1980). In the region between
0.005 and 0.02 cm the deposition rates are
diffusion controlled. Raising the temperature
from 10° to 20°C increases the deposition
rates by a factor of ~2. For §-values below
0.002 cm the deposition shows a similar
behaviour to that of the dissolution rates.
Since, however, such small film thicknesses
are not relevant for the formation of speleo-
thems the results are not shown.

If the calcareous solution flows in a tur-
bulent way (Defs = 103Dco,) over the calcite
surface, a dramatic increase in deposition
rates occurs. Fig. 7 shows this for various val-
ues of 6. We can see that the formation of
speleothems depends strongly on the prevail-
ing flow conditions. Regular stalagmites usual-
ly do not become higher than a few metres

OPEN SYSTEM /
15 T=10"C
Peg ¢ 3W0atm. /
turbulent flow /
/fxi‘
//
//

Deposition rate (10°% mmol cm-2 s7')

Ca®* concentration (10°2 mmol cm-3)

Fig. 7. Theoretical deposition rates under turbulent
flow conditions for various film thicknesses 5 (num-
bers on the solid curves, in cm). The diffusion coef-
ficients D are assumed to be so high that no concen-
tration gradients build up. The uppermost curve indi-
cates the limit of infinite film thickness which yields
the largest possible deposition rates.

and form under stagnant water films on their
top. Large stalagmites, which can grow up to
several tens of metres and show irregular
structures grow under turbulent flow condi-
tions. Rimstone dams also grow under tur-
bulent flow conditions and their shapes can
be understood from the data of Fig. 7.

2.4. Discussion of the results

To gain some more insight into the physics
of the egs. 5, we tried to find solutions of eqgs.
5 leading to closed expressions. One way of
doing this is to relax the condition of elec-
troneutrality and use instead the condition
of constant [H*] over the film. This approxi-
mation has been used by Hoover and Berk-
shire (1969) to calculate flux rates of CO,
into the oceans.



The assumption of a constant pH-value
across the water film is justified for § <
2 + 1072 cm and for the case of turbulent flow
regime where the diffusion coefficients be-
come large. In the other regimes the rates ob-
tained are larger than those calculated from
our previous theory. The expressions, which
are obtained in closed form, however, show
insight into what happens during dissolution
and precipitation and are therefore useful in
the discussion of our results.

We use the equation of electroneutrality in
the relaxed form:

2[Ca**] = [HCO3] + 2[CO3%"] (25)
Introducing eq. 25 into eq. 18 we obtain:

__F 2F F5 Deo
[HCO3] = — 2 — =z + — + 2%
Ds° D° D

X ([CO,]5— [CO,]) + [HCO3]5 (26)

We now compute [H*], in equilibrium with
[HCO3], by eq. 20 and assume [H*](z) =
[H*],. Thus, we obtain for eq. 5a:
9%[CO,]

922

= keff[CO,] — «

co,
— v(22/8% — 22/8) (27)
with the abbreviations:

Dco,

Rest=k, +2 ) k_

Do,

« =k} [HCO3], + 2—

Fs
D

Fs
[CO.]; *5
v=k.

Ky
[H+]57H70H
k_=k_[H'];+k_,

Due to the assumption [H*] = [H*] the coef-
ficients k, and k_ become constant and eq. 27
can be solved in closed form. The solution is:

k+= k1+k2

z z K
CO,] =4 cosh(—) +A sinh(-) +—
[ 2] 1 )\ 2 x keff
+ Do,y | ¥ (_z_’_zz) (28)
Rieed® ke \ 8% 5
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where A is the diffusion length, X = (D¢o,/
ketr)’2. The constants A, and A, are deter-
mined from the boundary conditions:

[CO.)(0) = cp=KuPoo, at 2=0

and

3[CO;]
= a 2=
32/8
giving:
K 2Dco.y
A= [00)0~— — =2
kett  Regtd (29)

A2 = _Al tanh(6 /A)
The flux F¢o, is now calculated from:

2[CO
[ 2] = FCO at z=0
9z/0 2

The result is:

co,

k_

Feo, = | Deo, %[00210 - = (mco31,
eff

Deo Fs k.

+2 2 [CO ) ~Dgo,— —

D [ 2]5 i COzD keff

1/2
X (1 +2D°<2>,)] ( Rets )
keff‘S Dco2

k 172 2D
X tanh ;(Deff) 62 +F_ﬁ_k;

co, D ket
(30)
The value [CO,]; is derived from eq. 28:
CO;]s= { ————[CO
[ 2]6 g COSh(a/A) [ 2]0

+(1_Zos_hl({/i'))(k_i:f}[HCO“8

+i—_ E_)_'_ ( 1 )ZDco,Y
ket D cosh(5 /1)) k22
R P (1 .t )
ket cosh(8 /)
2Dco, k- 2—1 (31)
D kest

The condition for the correct solution is again
|Fco,| = |F| and the numerical calculation pro-
ceeds in a similar way to that described
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previously (cf. discussion of Fig. 2 on p. 196).

We use eq. 30 to discuss the different limit-
ing cases for dissolution. For § <€ A, tanh(§ /1)
can be approximated by its argument. Taking
into account the numerical values of Dco,, k-
and kegr, neglecting terms proportional to §°
and expressing [CO,],; by eq. 26 yields after
some algebra:

IFco,l = 8([CO,] ok, — k-[HCO31,) = |F] (32)

Eq. 32 expresses the amount of CO, which is
converted into HCOj. At small 6 this amount
is limited by the volume of the solution and
the temperature dependence of the rates is
determined by that of k, and k_. Thus, con-
version of CO, is rate limiting. This can also
be seen by the fact that, if we assume &k, and
k_ to be very large, i.e. we relax the condition
of slow conversion, the calculations yield
F-values which are determined entirely by the
PWP equation (2) for a solution where all spe-
cies, CO,, HCO;, CO%", H* and OH", are in
equilibrium with each other.

In the case of § > X the behaviour of the
dissolution rates is governed by the function
tanh(5 /A), which approaches unity for large
&. Thus, F reaches a limit which is determined
by both diffusion and CO, conversion, since
A = (Dco, /ketr)"’?. The fact that with values
of § > 0.03 cm a decrease of the rates occurs,
stems from this limit of F and from diffusion
of Ca®*, since [Ca’'],y is related to [Ca’*],
by eq. 23, which shifts the average Ca’* con-
centration towards smaller values.

The case of turbulent flow can be under-
stood as well. In this case a diffusion boundary
layer of thickness 64 is existing which, in all
geologically relevant situations, is in the order
of several 1073 cm (Dreybrodt, 1981b). Out-
side of this layer a turbulent core exists,
where the effective diffusivity (eddy diffusivi-
ty) is ~10°Dgo, (Skelland, 1974). Thus mass
transport is controlled by mixed kinetics
(Rickard and Sjoberg, 1983).

If we approximate the chemically con-
trolled surface processes by:

Fe=ac( [Caz+]eq - [Ca2+] s) (33)

and diffusional mass transport by:

Fy = agq([Ca’*]s— [Ca’*]) (34)
with
ag =D/84

where [Ca’*] is the concentration in the
turbulent core and [Ca®*]s the concentration
at the calcite surface, we can write (Rickard
and Sjoberg, 1983):

F =a([Ca’*]eq— [Ca®*]) (35)
with
o =oagac/lad tac)

The maximum value of «. is obtained when
the concentrations of all species at the sur-
face are equal to that in the bulk. From our
calculations we obtain a, ~ 107 cm s7* [see
Table II, (b)]. aq is in the order of 107> cm s 7.
Thus ag > a. and we can set @ = a.. In that
case the rate is chemically controlled and the
influence of the boundary layer may be
neglected. Therefore, we can replace the
molecular diffusion coefficients D by the
effective diffusion coefficients Dyg in our
theory to simulate turbulent flow.

Increasing the diffusion coefficients by a
factor of n increases A by a factor of n'?2.
Thus, diffusion as the rate-limiting process is
eliminated and eq. 32 must be applied for
5 < 0.3\n''%2. For n = 10° these are values of
5 < 0.9 cm. Then CO, conversion is no longer
rate limiting at sufficiently high pressure,
Pco, = 107° atm., and the surface-controlled
processes determine the rates.

This can be easily shown by the following
considerations. If CO, conversion is no longer
rate limiting, HCO; and CQO, are almost in
equilibrium with each other. The rates then
can be calculated from the PWP equation (2),
if all ionic species in equilibrium at a given
concentration of [Ca®*] and [CO,] = Pco Ky
are known. These equilibrium concentrations
can be derived by first expressing the concen-
trations [HCO;] and [CO%"] in terms of
Pco, and [H'] through the mass-balance



equations:
[H,CO3] K,
TH Yco, [H*]
(1 +K3")Poo, KuK,
) TH Yco, [H*]
[CO%] = Yuco, [HCO; ] K,
v [H']
Yuco, (1 + Kg')Pco, KuK K,
’Y%; Yco, [H*]2

Substituting into the equation of electro-

neutrality (19) yields an equation which can
be solved for [H*]. From this [H,COj],

(HCO;] =

(36)
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Fig. 8. Theoretical solution rates under turbulent
flow conditions for various film thicknesses §. The
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ness and is calculated for § = 10 em. The open circles
are calculated from equilibrium theory as described
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[HCO;5] and [H*] at the surface are known
(eq. 36) and the rates can be computed from
the PWP equation (2).

These values are in perfect agreement with
those calculated from our exact theory,
provided n and & are chosen to be sufficiently
high, i.e. n = 10% and § > 2 cm for all cases of
interest. Fig. 8 shows these results (n = 10%
Pgo, = 8 + 107" atm., T = 10°C) for various
values of §. The uppermost curve has been
calculated for § = 10 cm from our kinetic
theory. The open circles are the values obtain-
ed from the equilibrium calculations describ-
ed above. For small values of §, CO, conver-
sion is rate determining. With increasing val-
ues of § the rates increase until a limit is set
by the surface-controlled dissolution.

To summarize our results for the simula-
tion of turbulent flow, we have listed in Table
II, (b) the values of « for various film thick-
nesses, Pco, and temperature.

It should be noted at this point that the
theoretical approach of Dreybrodt (1981a,
1982), who considered the effect of CO, con-
version for dissolution in open and closed sys-
tems, is correct for this limit of high effective
diffusion coefficients in turbulent flow. The
values calculated by Dreybrodt (1982, fig. 4),
are in perfect agreement to those given in
Fig. 8 of this paper.

3. Experimental
3.1. Experimental method

To prove our theoretical results we pro-
ceeded as follows. We measured the time
dependence of the average Ca®* concentra-
tion of a water film with thickness § cover-
ing a plane calcite surface and in contact
with an atmosphere of known CO, pressure.
Since the dissolution rates are approximately
a linear function of the average Ca®>* con-
centration, we have:
d[Ca**]ay F «

o 22 (00t — (€ 1) (3)
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Thus we obtain:

2+ = . _2 2+
[Ca** () 31 exp 8t)% [Co*leq
(38)

or
[Ce* leq = [Ca Tav(®) = [Ca**)eq exp (¢

if the concentration is zero at t = 0.

From the exponential approach of {Ca®*],y*
(t) to equilibrium, the time constant 7 = 6 /a
can be measured and from this « can be
determined.

For the purpose of our measurements
constant temperature and defined CO,
pressure of the surrounding atmosphere are
required. Therefore CaCO,; specimens were
placed in a desiccator, which could be
evacuated. The desiccator was placed in a
temperature-regulated (+0.5°C) thermostatic
chamber. Measurements were performed at
10° and 20°C.

CaCO, specimens of ~50-cm? surface were
cut and surface-polished from white crystal-
line marble (Carrara Marble) and from pure
limestone (Sollnhofen, F.R.G.). One series of
measurements was performed on the cleavage
plane of a large single crystal of CaCO;. The
marble and limestone surfaces were treated
with dilute HCl before the first experiment.
The surface of the CaCO; crystal was used un-
treated.

The specimens were surrounded by Teflon® |
and double-distilled water of known volume
was brought onto the specimen and evenly
distributed over the surface. The specimen
was then placed in the desiccator, which was
evacuated and filled with an atmosphere of
known CO, content.

To avoid errors due to evaporation of
water from the surface, the bottom of the
desiccator was covered with water. After the
specimen had rested for a time ¢ the water
was picked up with a pipette and stored in a
flask containing 0.1 ml of concentrated HCI,
to avoid precipitation of CaCO; after out-

gassing of CO,. The Ca®>* concentration was
measured by atomic absorption spectroscopy.
The atmosphere of known CQ, content was
purchased as artificial air (80% N,—20% O,)
with partial CO, pressures of 3+ 10™* and
5+ 1073 atm.

3.2. Experimental results

Fig. 9a shows the measured time depen-
dence of [Ca’*] for T = 10°C and P¢o, =
5+ 1073 atm. and & = 0.1 cm. A semi-loga-
rithmic plot of [Ca®*]eq — [Ca®*](t) is shown
in Fig. 9b. The data points lie on a straight
line, from which the time constant r and thus
a can be derived. At t = 0 the semi-logarithmic
plot should intersect the [Ca?*]-axis at
[Ca®*]eq. This, however, is not observed ex-
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Fig. 9. Experimental results of CaCO, dissolution at
T = 10°C, Pgp, =5 + 107° atm. and 6 = 0.1 cm with
time dependence of the Ca’* concentration in a stag-
nant film of solution.



perimentally. The reason for this behaviour is
that at low Ca’* concentrations the dissolu-
tion curves rise more steeply than for [Ca®*]
= 3 - 107* mmol cm™3. In a series of experi-
ments we have measured 7 as a function of
8. The &-values range from 0.03 to 0.15 cm.
Lower &-values could not be investigated,
since for smaller film thicknesses an even
distribution of the water film over the calcite
surface could not be obtained.

Fig. 10 shows the results for 7 at Pgo, =
5 + 1072 atm. for temperatures of 10° and
20°C. If this is compared to the theoretical
predictions by using the relation = § /a, we
find that all values observed experimentally
are systematically wrong by a factor of be-
tween 1.5 and 2. The full lines in Fig. 10
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Fig. 10. Time constants of CaCO, dissolution mea-
sured for various film thicknesses at PCO =5+10"?
atm. and T = 10°C and T = 20°C. For T = 20°C mea-
surements on limestone and a pure calcite crystal are
included. The solid lines are the theoretical curves,
fitted to the experiments by a factor f, (see text).
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show the values of r calculated from the val-
ues of o obtained by the theory and multi-
plied by a fitting factor f,, whichis 2 at T =
10°C and 1.5 at T = 20°C.

Fig. 11 shows the corresponding results for
Pco, = 3 + 107" atm. at 10° and 20°C. The
f1ttmg factor required for scaling the theory
to the experimental results is 2 for both cases.

Finally, we have measured the time con-
stants 7 on natural pure limestone (Solin-
hofen, F.R.G.) and on a cleavage surface of a
CaCO; single crystal. The data points are
given in Fig. 10 and fit well into those mea-
sured from marble. Even though the surface-
controlled chemical rates might be different,
the total dissolution rates are unaffected in
laminar flow. At small 5§ < 5+ 1073 cm the
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Fig. 11. Time constants of CaCO, dissolution measured
for various film thicknesses at Pco =3 . 107 atm.
and T = 10°C and T = 20°C. The solid lines are the
theoretical curves, fitted to the experiments by a
factor f, (see text).
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total rate is controlled entirely by CO, con-
version and changes of the chemically con-
trolled processes do not vary the rates. In the
region for § > 5 - 1073 cm diffusion is the
slowest process. We have calculated in both
cases the variation of the total dissolution
rates, by changing all x;-values in the PWP
equation (2) by a common factor between 0.5
and 2. In all cases the total dissolution rates
do not change by more than 10%. This shows
that at least for pure-limestone specimens our
theory is well applicable in the region of
laminar flow.

The fact that the experimentally observed
time constants are larger by roughly a factor
of 2 than theoretically predicted is not clear-
ly understood and will be discussed in Section
4. Nevertheless the dependence of r on temper-
ature, Pco, and film thickness is in good
agreement with that predicted from the
theory. For geological applications the devia-
tion by a factor of 2 does not seem of sig-
nificant importance since in any case only an
order of magnitudes can be given for the
scales of geological processes.

The theoretical results show that in the
case of turbulent flow, where the molecular
diffusion coefficients have to be replaced by
a much higher effective diffusion coefficient,
Des, a steep increase in the dissolution rates
occurs. We have therefore performed experi-
ments for turbulent flow by stirred solutions,
with thicknesses in the range 0.5 cm<é§ < 1
cm. To do this, samples of marble were cut in-
to circular discs of 5-cm diameter. They were
surrounded by a rim of Teflon® , and water of
known volume was put into the vessel so
formed. The solution was stirred with a glass
propeller. The measurements were performed
in the way already described.

Fig. 12 shows the results for Pgo, =3+ 107
atm. and Pgo, = 5 - 1073 atm., at T = 20°C.
To compare these results to the theory, we
have to know the magnitude of Dgp, the
effective diffusion coefficient that occurs in
our experiment. This magnitude was deter-
mined experimentally in the following way.
Instead of a CaCO,; disc a disc of the same
diameter was cut from a single crystal of KCl.

OPEN SYSTEM
~ 5 T=20°C
«

Q mardle No 1

-

g 204

o

@

c

[o]

O

) g

g %

=
101 510 %atm
> 30 “atm.
0

0 0s 10

Film thickness, § (cm)

Fig. 12. Time constants of CaCO, dissolution measured
under turbulent flow conditions for various film
thicknesses and CO, pressures at T = 20°C. The speed
of rotation of the glass stirrer is 200 r.p.m., which
gives an effective diffusion coefficient, Dy = 1000-
Dgo, - The solid lines are calculated with this value of
Dggs and fitted to the experiments by a factor f, =
2.5.

KC(l dissolves readily in H,O and we can as-
sume that for KCl the surface-controlled
dissolution rates are so large that the effective
dissolution rates are determined only by
diffusion. Furthermore the diffusion coeffi-
cients of K* and Cl™ are of the same magni-
tude as those of Ca’*, CO3~, HCO;j, etc. If the
solution is stagnant on the KCl surface, we
may assume that at the surface the solution is
saturated and diffusion affects the mass
transport. Thus, at any place in the solution
the time dependence of the concentration of
K* (or CI') is given (Carslaw and Jaeger,
1959) by:

[K*1() = [K*] eq[1 — exp(—t/T)] (39)
where
T = 482Dy n?

For K* diffusion in a stagnant water film of
defined § the time constant is T =5+« 10% s



for § = 1 cm. The effective diffusion coeffi-
cient Dgg in the experiments with stirred
solution is now determined in the following
way. Water is put carefully to the KCl sur-
face to a height of 1 cm. Two small Pt-elec-
trodes are inserted into the water and the
current at 0.5 V with a frequency of 1000 s~}
is measured. When the solution is now stirred
the current increases rapidly in time. From
the exponential behaviour of the current the
time constant T is calculated. Dgg is deter-
mined from:

Des=D T

eff K TS
This was done for various stirring rates. Val-
ues of up to Degg ~ 10°D were obtained.
These values were used mostly in our theory
to calculate the dissolution rates for CaCO,
under turbulent flow conditions.
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Fig. 13. Theoretical solution rates under turbulent
flow conditions. The number on the curves gives 6 in
cm. The diffusion coefficient Dco, is multiplied by
the factor n (horizontal axis) to give the effective
diffusion coefficient Dgg for the calculations. At 6 >
1 cm the factor n must be greater than 10° to achieve
maximum dissolution rates, i.e. fully developed
turbulence.
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Fig. 13 shows the dissolution rate for a
CaCO; solution of [Ca?*] = 107® mmol cm™3
at T = 20°C and Pgo, = 5 ¢+ 107° atm. as a
function of Defr = nDco, for various §. In-
creasing n shows increasing dissolution rates for
all & approaching constant rates for n > 10%.
In this region mass transport is governed by
surface-controlled dissolution.

We have adjusted our stirring rate to ob-
tain values of n = 10° and with this perform-
ed the measurements shown in Fig. 12. Asin
the case of stagnant films the time constants
7 are too large by a factor of 2.5. The predict-
ed hydraulic jump in the dissolution rates,
when going from stagnant films to turbulent
flow, however, is well observed. Depending on
the Ca®* concentration and on CO, pressure
the dissolution rates increase by roughly one
order of magnitude.

To summarize our experimental data we
have plotted in Fig. 14 for T = 20°C and Pgo,
= 5 + 1073 atm. the dissolution rates predict-
ed from the theory (full lines) and those

derived from our experiments (dashed
curves):

F=a([Ca®"]eq— [Ca®"]av) (40)
where

a=8/r

The experimental curves were fitted to the
theory by use of a scaling factor of 0.4. The
comparison shows that, apart from the scaling
factor, the results are consistently well de-
scribed by our calculations.

Finally, we have performed experiments
for CaCO, deposition onto calcite surfaces.
These experiments were performed by drop-
ping a supersaturated solution onto a surface
of calcite. For this purpose saturated solu-
tions at Pco, of 1, 0.3 and 0.05 atm. were
prepared by bubbling an atmosphere of
known CO, content through double-dis-
tilled water and adding CaCO,, reagent grade.
The solution was stirred until saturation, mea-
sured by a pH electrode, was reached. After
equilibrium was established the stirring rate
was reduced, so that the excess CaCOj, particles
settled down on the bottom of the glass
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Fig. 14. Comparison of theoretical and experimental
solution rates. The dashed curves are derived from the
experiments by a fitting factor f;, while the full
curves represent calculations. The two upper curves
represent turbulent flow conditions, the calculation
being done with Dgg = 103D(;o2 as derived from the
KCl experiment (see text). The number on the curves
gives § in cm.

vessel. The saturated solution was then pump-
ed by a peristaltic pump at a rate of 0.6 mli
min.”! and dropped to the surface of the cal-
cite specimen.

The CaCO, samples were cut from a speleo-
them, the surface area was ~ 1 X 1 cm?. These
samples were embedded in plastic. After this
the surface was ground and polished together
with the plastic. By this procedure a large
even surface was obtained in which the
CaCO; sample was embedded. In this way we
achieved an even distribution of the water
film over the sample. The thickness of the

film was determined by a method used by
Dreybrodt (1980) and was 0.01 cm. This is
the value which determines the growth rate of
stalagmites.

The dripping rate to the surface was ~ 3
drops/min. To establish equilibirum of the
solution supersaturated with CO, with respect
to the surrounding atmosphere of 3+ 10™% atm.
a time of ~ 9 s is needed (Dreybrodt, 1980).
In the same time the quasi-stationary equilib-
rium (see Section 2.2) during the deposition
is reached. Thus, during a time of ~ 10 s
deposition takes place until the next drop
brings new solution to the surface. During this
time the Ca?* concentration is practically un-
changed and thus the deposition rate is
constant.
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Fig. 15. Experimental growth rates of CaCO, at T =
10°C and T = 20°C. The initial Ca®* concentrations
are given on the horizontal axis. The CO, pressure of
the surrounding atmosphere is 3 « 10°* atm. The
solid lines are calculated with § = 0.01 em and Pco,
=3+ 107* atm.



The CaCO, specimens were left in place for
a few days. After this they were weighed and
the deposition rate was determined from the
increase in weight. Fig. 15 shows the theoret-
ical curves of the deposition rates together
with the measured values. Within the limits
already discussed the agreement is good. In
contrast to the dissolution experiments no
fitting factor f. is needed.

One comment should be given here. Our
theory can readily be applied to the growth of
cave sinter. This problem has been treated by
us in two publications (Dreybrodt, 1980,
1981c). In these papers the diffusion pro-
cesses were taken into account only in part
and the slow conversion of H,CO3 —» CO, was
neglected. From the work reported here we
can derive the growth rate at high drop rates
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Fig. 16. Theoretical deposition rates of CaCO, at
various CO, pressures of the surrounding atmosphere
for geologically relevant initial Ca** concentrations.
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(> 1 drop/min.) by directly applying our
calculations.

Finally, Fig. 16 shows the results for § = 0.01
cm for various pressures of CO, commonly
occurring in cave atmospheres and for Ca?*
concentrations of natural cave waters drip-
ping onto stalagmites. We see immediately
that in the range of Pco, between 3 - 107
and 1 » 10° atm. the growth rates, calculated
from the deposition rates (Dreybrodt, 1980),
are practically independent of the cave atmo-
sphere. There is, however, a strong temper-
ature dependence, as one can see from Fig. 6.
Furthermore the growth rate does not depend
critically on the thickness of the water layer
on top of the stalagmites, in contrast to our
earlier calculations. The slow conversion of
H,CO% - CO,, which is now built into the
theory reduces the growth rates in compar-
ison to our earlier results.

4. Conclusion

We have developed a general theory of
dissolution and deposition of CaCO; for the
case of water films open to an atmosphere
containing CO,. The theory treats simul-
taneously the three rate-determining pro-
cesses: surface-controlled dissolution or depo-
sition at the calcite surface, diffusion of the
molecular and ionic species in the solution,
and slow conversion of CO, = H,COj. Ex-
periments have been carried out to compare
experimental data to the theory. All the ex-
periments show an agreement with the overall
behaviour of the theoretical curves. For the
case of dissolution the predicted values of a in
their dependence on temperature, CO,
pressure and film thickness scale with a factor
fo ™ -;- consistently to the value observed ex-
perimentally. Thus, the observed rates are
slower by a factor of 2 than those predicted
by theory. For the precipitation experiments
theory and experiment are in good agreement
and no scaling factor is needed. Uncertainties
in experimentally observed rates up to a
factor of 2 are not unusual in calcite (Reddy
et al., 1981).
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The reason for this behaviour is not yet
clear. It might have its cause in inaccuracies of
the kinetic constants of CO, = H,COY con-
version. In the region of § < 0.2 cm these
constants influence the dissolution and depo-
sition rates by the factor (kest/Dco,)'’? (eq.
30). From this we see that inaccuracies in
D¢o, have the same effect as those of the
kinetic constants, whereas the constants of
the surface-controlled effect do not sensitive-
ly influence the results. To obtain agreement
between theory and experiment a change of
(Rett/Dco,)'* to half of its value is sufficient.
The kinetic constants of CO, conversion have
all been determined in pure H,0—CO, solu-
tions and the effect of [Ca’*] on these con-
stants is unknown. For the case of turbulent
flow, dissolution and deposition are entirely
determined by surface-controlled processes.
In this case inhibition by Mg?* ions, which
were present in all dissolution experiments
([Mg?*]/[Ca**] ~ 0.02), could lower the dis-
solution rates. Detailed experiments would be
necessary to clarify these questions.

Nevertheless, for geological applications,
where up to now not even the order of
magnitude of most processes can be pre-
dicted theoretically, our theory is appli-
cable to all situations in which open-sys-
tem conditions determine the processes.
The case of processes in which laminar
flow is important can be approximated
by plug flow, with even velocity distribu-
tion over the water film. In this case the
theory of stagnant films is applicable. Al-
though the exact inclusion of laminar flow
changes the dissolution rates (Dreybrodt,
1980), the right order of magnitude is still
obtained by our theory, which would be-
come mathematically untreatable if those
effects by laminar flow were included. The
case of turbulent flow can be readily simulat-
ed by our theory of stagnant films by increas-
ing the diffusion coefficients.

One very important result of our theory is
the prediction of the hydraulic jump, which
increases all dissolution and deposition rates
by one oreder of magnitude once turbulent

flow has commenced in films of sufficient
thickness. This is of utmost importance in ex-
plaining the variety of different morphologies
in the deposition of calcite in caves and the
morphology of grykes and canons.

Furthermore our results can be applied to
the problems of karst denudation. We will not
discuss these problems here further, but will
treat these in a later paper.

By changing the boundary conditions of
the differential equations (5) solutions for
closed-system conditions, which are impor-
tant for applications in cave genesis and cal-
cite deposition in joints, can be obtained. At
present we are doing experiments and calcula-
tions for this case. The results will be publish-
ed soon in a later paper (Buhmann and
Dreybrodt, 1985).

Our results in Table II can be used by the
geologist to get information on the dissolu-
tion rates in most important problems, which
will be of utmost utility, since they provide
information on plausible time scales. Of
course our theory might be criticized since it
does not include the effect of other ions, such
as SOZ”, Cl°, Na*, Mg?*, etc., which are al-
ways present in natural waters. First estimates
of the effect of those ions show that the dis-
solution rates will not change drastically.
However, experiments have to be performed
for natural waters, to see whether this is true.
This will be one of the future tasks.

In summary we feel that our theory is well
applicable to geological situations in karst
landforms and gives useful information to
geologists working in this field.
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